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1. (1) �x, y ⩾ 0, α ∈ (0,1). y²xαy1−α ⩽ αx + (1 − α)y.

(2) �xi > 0, i = 1,2,⋯, n. y²
n

∑
i=1

xi
n

∑
i=1

1

xi
⩾ n2,

��Ò¤á�¿©7�^�´¤k�xiÑ��.

y² (1)� f(x) = − lnx, (x > 0), N´�y f(x)´(0,∞)þ�à¼ê. Ké?¿� x, y ∈ (0,∞)Ú?

¿�α ∈ (0,1) k
f(αx + (1 − α)y) ≤ αf(x) + (1 − α)f(y)

⇔ − ln(αx + (1 − α)y) ≤ −α lnx − (1 − α) ln y

⇔ xαy1−α ≤ αx + (1 − α)y

(2)� f(x) = x + 1
x , (x > 0), N´�yf(x)´(0,∞)þ�à¼ê. Ké?¿�x1, x2,⋯, xn ∈ R++,

f (x1 + x2 +⋯ + xn
n

) ≤ f(x1) + f(x2) +⋯ + f(xn)
n

⇔

n

∑
j=1

xj

n
+ n

n

∑
j=1

xj

≤

n

∑
j=1

(xj + 1
xj

)

n

⇔
n

∑
i=1

xi
n

∑
i=1

1

xi
≥ n2.

�Ò¤á�^�: x1 = x2 = ⋯ = xn. y.

2. Á^Cauchy-SchwarzØ�ªy²

∥x∥1 ⩽
√
n∥x∥, ∀ x ∈ Rn.

y² � x = (x1, x2,⋯, xn)⊺, P e = (1; 1;⋯; 1) Ú ∣x∣ = (∣x1∣; ∣x2∣;⋯; ∣xn∣).

KdCauchy-SchwarzØ�ª,

∥x∥1 = e⊺∣x∣ ≤ ∥x∥∥e∥2 =
√
n∥x∥. y.

3. �b ∈ Rn, Q ∈ Rn×né¡�½. Á¦eã`z¯K��`)Ú�`�

max{b⊺x ∣ x⊺Qx ≤ 1}

¿|^T(Jy²é?¿�x, y ∈ Rn¤á,

(x⊺y)2 ⩽ (x⊺Qx)(y⊺Q−1y).

1



2 11Ù ÚØ

y² duQé¡�½, ��±©)¤�ÛÉÝ
BÚB⊺�¦È, =Q = B⊺B. -y = Bx, Kx = B−1y,

�¯Kz�

max{b⊺B−1y ∣ y⊺y ≤ 1}

�Ò´

max{(B−⊺b)⊺y ∣ y⊺y ≤ 1}

dCauchy-SchwarzØ�ª�, Ù�`)�y∗ = B−⊺b
∥B−⊺b∥ . l�¯K��`)�

x∗ = B−1y∗ = B
−1B−⊺b

∥B−⊺b∥
= Q−1b√

b⊺Q−1b
.

,	,

(x⊺y)2 = y⊺xx⊺y = ⟨xx⊺, yy⊺⟩ ,

= ⟨xx⊺,QQ−1yy⊺⟩ = ⟨xx⊺Q,Q−1yy⊺⟩ ,

≤ ∥xx⊺Q∥F∥Q−1yy⊺∥F = tr (xx⊺Q) tr (Q−1yy⊺) ,

= (x⊺Qx) (y⊺Q−1y) .

1�Ü©�y. y.

4. |^min
x,y

f(x, y) = min
x

min
y
f(x, y)¦Xe`z¯K�)Û)

min
x>0,y⩾0

f(x, y) = 10

x
+ (x − y)2

2x
+ 3y2

2x

y² é?¿�x > 0,O�'uy�`z¯K.d�,

|^8I¼ê'uy�à¼ê�S�`z¯K'uy��

`�:y = 2
5x.ù�þã`z¯Kz�

min f(x) = 10

x
+ 18x

25

T`z¯K'ux�à¼ê. -Ù'ux��ê�"

�x = 5
3

√
5. �A/, y = 2

5x =
2
3

√
5. y.

5. ^ã){¦eã`z¯K��`):

min{x1 + x2 ∣ x2
1 + x2

2 ≤ 2}

): ã/��ã. ´��`)� x1 = x2 = −1.

z = x + y

x

y

(−1,−1)

O

6. y²¼êf ∶ Rn → R�à¼ê�¿©7�^�´¼êf�þã�à8, Ù¥þã½Â�

epif = {(x, y) ∣ x ∈ Rn, y ⩾ f(x)}.
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y² 7�5µé ∀ x1, x2 ∈ Rn, λ ∈ [0,1], w,k

(x1, f(x1)), (x2, f(x2)) ∈ epif,

dþã´à8, K

(λx1 + (1 − λ)x2, λf(x1) + (1 − λ)f(x2))

= λ(x1, f(x1)) + (1 − λ)(x2, f(x2)) ∈ epif

⇒ f(λx1 + (1 − λ)x2) ≤ λf(x1) + (1 − λ)f(x2)

¿©5µé ∀ (x1, y1), (x2, y2) ∈ epif, λ ∈ [0,1], k

f(x1) ≤ y1, f(x2) ≤ y2,

d f(x) ´à¼ê, K

f(λx1 + (1 − λ)x2) ≤ λf(x1) + (1 − λ)f(x2) ≤ λy1 + (1 − λ)y2

⇒ λ(x1, y1) + (1 − λ)(x2, y2) = (λx1 + (1 − λ)x2, λy1 + (1 − λ)y2) ∈ epif. y.

7. ?Øda1, a2,⋯, am ∈ Rn¤)¤�õ¡�!��8!f�m9ù
:Ú�:¤)¤�����m�

'X.

):
õ¡� A1 ∶= co {a1, a2,⋯, am}

= {
m

∑
j=1

λjaj ∣
m

∑
j=1

λj = 1, λj ∈ [0,1], j = 1,2,⋯,m}.

��8 A2 ∶= aff {a1, a2,⋯, am}

= {
m

∑
j=1

λjaj ∣
m

∑
j=1

λj = 1, λj ∈ R, j = 1,2,⋯,m}.

f�m A3 ∶= span {a1, a2,⋯, am}

= {
m

∑
j=1

λjaj ∣ λj ∈ R, j = 1,2,⋯,m}.

��� A4 ∶= co aff {0, a1, a2,⋯, am}

= co {λ00 +
m

∑
j=1

λjaj ∣
m

∑
j=0

λj = 1, λj ∈ R, j = 0,1,2,⋯,m}

= co {
m

∑
j=1

λjaj ∣ λj ∈ R, j = 1,2,⋯,m}

= {
m

∑
j=1

λjaj ∣ λj ∈ R, j = 1,2,⋯,m}.
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d±þ½Â�±wÑA1,A2,A3,A4�m�'X: A1 ⊆ A2 ⊆ A3 = A4. y.

8. �d ∈ Rn´ëY��¼êf ∶ Rn → R3:x ∈ Rn�eü��. Áïáα�ü�¼êf(x+αd)3α ⩾ 0þ

����:���7�^�, ¿?Ø3�o^�eT^�´¿©�.

): P g(α) ∶= f(x + αd), K g(α) 3 α ≥ 0 þ����:���7�^��

g′(α) = ∇xf(x + αd)⊺d = 0.

e g(α) = f(x + αd) ´'uα�à¼ê, K ∇xf(x + αd)⊺d = 0 ´¿©^�. y.

9. �A ∈ Rm×n, b ∈ Rm. Á�ÑÃ�å`z¯K

min
x∈Rn

∥Ax − b∥2

����`5^�, ¿�yT^�´Ä´¿©�. §��`)��í?

): ��7�^��

∇x∥Ax − b∥2 = A⊺(Ax − b) = 0.

du

∇2∥Ax − b∥2 = A⊺A ⪰ 0,

� ∥Ax − b∥2'ux ∈ Rn�à¼ê, ¤± A⊺(Ax − b) = 0 �´¿©^�. 3A⊺A�½�,�`)��. y.

10. Á33�îª�m¥(½�ÏL:(3; 4; 5)�²¡,¦Ù��K��¥�n��I¡�¤�o¡N

�NÈ��.

): n�îª�m¥L:(3,4,5)�²¡�§�L«�

a(x − 3) + b(y − 4) + c(z − 5) = 0,

Ù¥�¦þ(a, b, c)�T²¡�?�{�þ. N´O�T²¡3�I¶þ��å©O�

x0 =
3a + 4b + 5c

a
, y0 =

3a + 4b + 5c

b
, z0 =

3a + 4b + 5c

c
.

�âo¡N�J9úª, T²¡Ú�I¶�¤�o¡N�NÈ�

V = 1

6
x0y0z0 =

(3a + 4b + 5c)3

6abc
,
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Ù¥abc ≠ 0. òþã¼ê'ua, b, c©O¦�¿-��"�

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

9a − (3a + 4b + 5c) = 0,

12b − (3a + 4b + 5c) = 0,

15c − (3a + 4b + 5c) = 0.

z{�
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

6a − 4b − 5c = 0,

8b − 3a − 5c = 0,

10c − 3a − 4b = 0.

�n�

3a = 4b = 5c.

÷vþã^���{�þ�(1/3; 1/4; 1/5). �\NÈúª�NÈ=270. y.

11. �A ∈ Rn×n, b ∈ Rn. Á�Ñeã`z¯K��`5^�

min
1

2
x⊺Ax + b⊺x

): ��7�^�µ∇x (1
2x

⊺Ax + b⊺x) = A+A⊺
2 x + b = 0,

��7�^�µ∇2 (1
2x

⊺Ax + b⊺x) = A+A⊺
2 ⪰ 0,

��¿©^�µ∇2 (1
2x

⊺Ax + b⊺x) = A+A⊺
2 ≻ 0. y.

12. �a ∈ Rn, λ > 0. ¦Xe¯K��`)

min
x∈Rn

1

2
∥x − a∥2 + λ∥x∥1.

): T¯K�du
n

∑
i=1

(min
xi∈R

1

2
(xi − ai)2 + λ∣xi∣)

ù�, �¦)�¯K, �I¦)Xef¯K

min
xi∈R

1

2
(xi − ai)2 + λ∣xi∣ (1.6.2)

éd, ·�©�¹?Ø.

(1) ai ⩾ 0. w,, Tf¯K��`)�K, =Tf¯K�du

min
xi⩾0

1

2
(xi − ai)2 + λxi
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|^½n1.6.4, f¯K(1.6.2)��`)�

x∗i =
⎧⎪⎪⎨⎪⎪⎩

ai − λ, e ai > λ;

0, e ai ⩽ λ.

(2) eai < 0, Kf¯K(1.6.2)��`)��. lf¯K(1.6.2)�z�

min
xi⩽0

1

2
(xi − ai)2 − λxi.

|^Ã�å`z¯K��`5^�, Tf¯K��`)�

x∗i =
⎧⎪⎪⎨⎪⎪⎩

0, e ai ⩾ −λ;

ai + λ, e ai < −λ.

Ú\ÎÒ¼ê

sgn(ai) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1, e ai > 0;

0, e ai = 0;

−1, e ai < 0.

Kf¯K(1.6.2)��`)�

x∗i =
⎧⎪⎪⎨⎪⎪⎩

0, e ∣ai∣ < λ
ai − sgn(ai)λ, e ∣ai∣ > λ

= sgn(ai)(∣ai∣ − λ)+.

dd��¯K��`).

13. �a ∈ R, λ > 0. ¦eã`z¯K��`)

min
x∈R

λ∣x∣ − ax

¿3dÄ:þ, �ÑXe`z¯K��`)

min
x∈Rn

λ∣x∣1 − a⊺x

Ù¥, a ∈ Rn, λ > 0.

): é`z¯K

min
x∈R

λ∣x∣ − ax

ea ≥ 0, K�`)x∗ ≥ 0, l�¯K��¤

min
x≥0

(λ − a)x
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w,, T¯K��`)�

x∗ =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

+∞, XJλ < a,

0, XJλ ≥ a.

ea ≤ 0, K�`)x∗ ≤ 0, l�¯K��¤

min
x≤0

−(λ + a)x

w,, T¯K��`)�

x∗ =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

−∞, XJλ < −a,

0, XJλ ≥ −a.

nþ¤ã, `z¯K

min
x∈Rn

λ∣x∣1 − a⊺x =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

−∞, XJλ < ∣a∣∞,

0, XJλ ≥ ∣a∣∞.
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1. én�î�à�g¼êf(x) = 1

2
x⊺Ax + b⊺x, Á¦3xk:÷eü��dk��`Ú�. e�dk = −gk,

ÁO�8I¼ê3z�S�Ú�eüþ.

): � αk = arg min
α≥0

f(xk + αdk).Kd

d⊺k∇f(xk + αdk) = d
⊺
k[A(xk + αdk) + b] = 0

�

αk =
−g⊺kdk
d⊺kAdk

, gk = Axk + b.

e dk = −gk, K αk =
g⊺
k
gk

g⊺
k
Agk

, �

f(xk + αkdk) = f(xk − αkgk)

= 1

2
(xk − αkgk)⊺A(xk − αkgk) + b⊺(xk − αkgk)

= 1

2
x⊺kAxk + b

⊺xk − αkg⊺kAxk +
1

2
α2
kg

⊺
kAgk − αkb

⊺gk

= f(xk) − αkg⊺kAxk +
1

2
α2
kg

⊺
kAgk − αkb

⊺gk

@o,8I¼ê3z�gS�Ú�eüþ�

f(xk + αkdk) − f(xk) = − αkg⊺kAxk +
1

2
α2
kg

⊺
kAgk − αkb

⊺gk

= −
g⊺kgk

g⊺kAgk
g⊺kAxk +

1

2
(
g⊺kgk

g⊺kAgk
)

2

g⊺kAgk −
g⊺kgk

g⊺kAgk
b⊺gk

= −
g⊺kgk

g⊺kAgk
[g⊺kAxk −

1

2
g⊺kgk + b

⊺gk]

= −
g⊺kgk

g⊺kAgk

1

2
g⊺kgk = −

1

2

∥gk∥4

g⊺kAgk y.

2. éþK¥�à�g¼ê, Á¦3xk:÷eü��dk�GoldsteinÚ�αk, ¿y²:

2σᾱk ⩽ αk ⩽ 2(1 − σ)ᾱk,

Ù¥ᾱk��`Ú�.

y²

f(xk + αkdk) =
1

2
(xk + αkdk)⊺A(xk + αkdk) + b⊺(xk + αkdk)

= f(xk) +
1

2
α2
kd

⊺
kAdk + αkg

⊺
kdk

8
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d Goldstein Ú��

(1 − σ)αkg⊺kdk ≤ f(xk + αkdk) − f(xk) ≤ σαkg
⊺
kdk.

l,

(1 − σ)αkg⊺kdk ≤
1

2
α2
kd

⊺
kAdk + αkg

⊺
kdk ≤ σαkg

⊺
kdk.

?�Úk,

2σ
−g⊺kdk
d⊺kAdk

≤ αk ≤ 2(1 − σ)
−g⊺kdk
d⊺kAdk

.

l,

2σᾱk ≤ αk ≤ 2(1 − σ)ᾱk.
y.

3. �ÄArmijoÚ�5Ke�eü�{

xk+1 = xk + αkdk,

Ù¥|¢��deª(½:

(dk)i =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

−∂f(xk)
∂xi

, XJ∣∂f(xk)
∂xi

∣����,

0, Ù¦.

Áy²�{�)�S�:��?�à:Ñ��¯K�½:.

y² �Ä

⟨dk,−gk⟩ =∑
i∈I

(∂f(xk)
∂xi

)
2

> 0, I = {i ∣ (dk)i ≠ 0} .

¤±, dk � −gk �Y� θ ∈ [0, π2 − µ], µ ∈ (0, π2 ).

,��¡

∣∂f(xk)
∂xi

∣ ≤ ∥dk∥ =

¿
ÁÁÁÀ∑

i∈I
(∂f(xk)

∂xi
)

2

≤

¿
ÁÁÀ n

∑
i=1

(∂f(xk)
∂xi

)
2

= ∥gk∥.

� Γ ∶= maxk {∥gk∥}, ν ∶= mink,i {∣∂f(xk)∂xi
∣}. lk ν ≤ ∥dk∥ ≤ Γ. 2d½n2.2.3�y. y.

4. �n�¢Ý
Aé¡�½. Áy²éu?¿�x ∈ Rn,

4κ(A)
(1 + κ(A))2

(x⊺Ax)(x⊺A−1x) ⩽ ∥x∥4 ⩽ (x⊺Ax)(x⊺A−1x).
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y² Äky²m>Ø�ª

∥x∥4 = x⊺x ⋅ x⊺x = ⟨x,xx⊺x⟩ = ⟨xx⊺, xx⊺⟩

= ⟨xx⊺,AA−1xx⊺⟩ = ⟨xx⊺A,A−1xx⊺⟩

≤ ∥xx⊺A∥F∥A−1xx⊺∥F ≤ tr (xx⊺A) tr (A−1xx⊺)

= tr (x⊺Ax) tr (x⊺A−1x) = (x⊺Ax) (x⊺A−1x) . y.

5. é��f�mf¯K(2.3.4), �Bké¡�½. Á|^þK¥�Ø�ª¦¯K(2.3.4)��`).

6. �f ∶ Rn → R�FÝ¼ê∇f(x)LipschitzëY, ~ê�L. é~êµ > LÚx ∈ Rn, -

x+ = arg min
y

{f(x) + ⟨∇f(x), y − x⟩ + µ
2
∥y − x∥2}.

K

f(x+) − f(x) ⩽ L − µ
2

∥x+ − x∥2.

2�¼êg ∶ Rn → R��1w¼ê. é~êµ > LÚx ∈ Rn, -

x+ = arg min{f(x) + ⟨∇f(x), y − x⟩ + µ
2
∥y − x∥2 + g(y)}.

K

f(x+) + g(x+) ⩽ f(x) + g(x) + L − µ
2

∥x+ − x∥2.

y² Äk, é?¿�x, y ∈ Rn, |^�©¥�½n, �3ξ ∈ (x, y)¦�

f(y) − f(x) = ⟨∇f(ξ), y − x⟩.

2|^FÝ¼ê�LipshcitzëY5, dTª�

f(y) − f(x) = ⟨∇f(x), y − x⟩ + ⟨∇f(ξ) −∇f(x), y − x⟩

⩽ ⟨∇f(x), y − x⟩ + ∥∇f(ξ) −∇f(x)∥∥y − x∥

⩽ ⟨∇f(x), y − x⟩ + L
2
∥y − x∥2.

Ùg, é~êµ > LÚx ∈ Rn, d

x+ = arg min
y

{f(x) + ⟨∇f(x), y − x⟩ + µ
2
∥y − x∥2}

�

⟨∇f(x), x+ − x⟩ + µ
2
∥x+ − x∥2 ⩽ 0.
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Kdcª�

f(x+) − f(x) ⩽ ⟨∇f(x), x+ − x⟩ + L
2
∥x+ − x∥2

= ⟨∇f(x), x+ − x⟩ + µ
2
∥x+ − x∥2 + L − µ

2
∥x+ − x∥2

= L − µ
2

∥x+ − x∥2.

�e�(Ø�aqy². y.
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1. y²Úî�{éuî�à�g¼ê�gS�=��T¼ê��Û�`�:.

y² �î�à�g¼ê� f(x) = 1
2x

⊺Ax + b⊺x + c, Ù¥ A ≻ 0, Kk

gk = ∇f(xk) = Ax + b, dk = −A−1gk.

�Ð©:� x0, �ÚS�kµ

d1 = −A−1g0 = −A−1 (Ax0 + b) = −x0 −A−1b ;

x1 = x0 + d1 = −A−1b.

l, g1 = −AA−1b + b = 0, �{ª�. y.

2. �f ∶ Rn → R�ëY��¼ê, Bk�n�é¡�½Ý
. �Ädeãúª�)|¢��

Bkdk = −gk

�eü�{. ©ÛBk�ØÓ�{é�{Âñ�Ý�K�.

y² �Ä|¢���eü5

f(xk + αdk) = f(xk) + α∇f(xk)⊺dk + o(∥αdk∥)

= f(xk) + αg⊺kB
−1
k gk + o(∥αdk∥) ≤ f(xk).

� Bk = I, T|¢���)��eü�{, Âñ�Ý�õ��5�;

� Bk = Gk, � f ��gëY��±9 Gk 34�:? Lipschitz ëY, KÂñ�Ý���Âñ. y.

3. �^Úî�{¦¼ê�4��:��)S�:�{xk}. yéCþx��C�x = Qy,Ù¥Q�n��

ÛÉÝ
,¿^Úî�{¦C���¼ê�4��:,��)�S�:��{yk}. Kyk = Q−1xk.

y² éuC���:� {yk}, ·�k

sk(yk) = −Gk(yk)−1∇f(yk)

= −Gk(yk)−1Q⊺∇f(xk)

= − (Q⊺∇2f(xk)Q)−1
Q⊺∇f(xk)

= −Q−1Gk(xk)−1∇f(xk)

= Q−1sk(xk).

|^8B{, e yk = Q−1xk, K

yk+1 = yk − sk(yk)

= Q−1xk −Q−1sk(xk)

= Q−1xk+1.

12
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l, eS�:� {xk} �)�4��:� x∗, KC���4��:�

lim
k→∞

yk = lim
k→∞

Q−1xk = Q−1x∗. y.

4. �à�g¼êf(x)����:�x∗, ¿�x0 = x∗ + ts, Ù¥, s�8I¼ê�HesseÝ
,A���

A��þ. e±x0 ≠ x∗�Ð©:,K�`Ú�5Ke���eü�{�ÚÒ������:.

y² �à�g¼ê� f(x) = 1
2x

⊺Ax + b⊺x, d12Ù11Kk, ��eü�{��`Ú�÷v

αk =
−g⊺kdk
d⊺kAgk

, (gk = Axk + b).

éu1�ÚS�,

g0 = Ax0 + b = A (x∗ + ts) + b = tAs = tλs,

α0 =
(tλ)2s⊺s

(tλ)2s⊺As
= s⊺s

s⊺λs
= 1

λ
.

Ù¥, λ´8I¼ê� HesseÝ
�A��þ séA�A��,= As = λs,,	,3�`:?÷v Ax∗+b = 0.

l,1�ÚS��k

x1 = x0 − α0g0 = x0 −
1

λ
tλs = x0 − ts = x∗. y.
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1.� f ∶ Rn → R ëY��, �þ| d1, d2,⋯, dn ∈ Rn �5Ã'. é x̄ ∈ Rn , eé j = 1,2,⋯, n , ¼

êf(x̄ + λdj)3λ = 0������, Áy² ∇f(x̄) = 0 . d� x̄ ´¼ê f(x) �ÛÜ���:í?

y² dK�^�

f(x̄) ≤ lim
λ→0

f(x̄ + λdj)

= f(x̄) + lim
λ→0

(λ∇f(x̄)⊺dj + o(∥λdj∥)) , j = 1,2,⋯, n.

l, éj = 1,2,⋯, n,

lim
λ→0

λ∇f(x̄)⊺dj ≥ 0.

?�3δ > 0¦�

λ ∈ [−δ, δ], λ∇f(x̄)⊺dj ≥ 0, j = 1,2,⋯, n.

� λ = −t maxj {∣∇f(x̄)⊺dj ∣} , t ≥ 0. l, � t ¿©��

0 ≤ λ∇f(x̄)⊺dj = − t max
j

{∣∇f(x̄)⊺dj ∣}∇f(x̄)⊺dj

≤ − t ∥∇f(x̄)⊺dj∥
2
, j = 1,2,⋯, n

⇒ ∇f(x̄)⊺dj = 0, j = 1,2,⋯, n.

2d�þ| d1, d2,⋯, dn ∈ Rn �5Ã'�,

∇f(x̄) = 0.

éu?¿�� d ∈ Rn �±L«� d =
n

∑
j=1

αjdj , Ø���5b�
n

∑
j=1

αj = 1 (ÄK,�±- β =
n

∑
j=1

αj , K

d = β
n

∑
j=1

αj

β dj , ù��� d �����ê, Ù¥
n

∑
j=1

αj

β = 1¤, @o

f(x̄ + λd) = f(x̄) + λ
n

∑
j=1

αj∇f(x̄)⊺dj + o(∥λd∥)

=
n

∑
j=1

αj [f(x̄) + λ∇f(x̄)⊺dj + o(∥λd∥)]

=
n

∑
j=1

αjf(x̄ + λdj)

≥
n

∑
j=1

αjf(x̄) = f(x̄)

þª`² x̄ ´¼ê f(x) �ÛÜ���:. y.

14
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2.� G ∈ Rn×n é¡�½, s1, s2,⋯, sn ∈ Rn �5Ã'. Áy²deãfª½Â��þ|'uÝ
 G �

Ý:

dk =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

sk, XJ k = 1,

sk −
k−1

∑
i=1

d⊺iGsk
d⊺iGdi

di, XJ k ≥ 2.

3.�Ý
 A ∈ Rn×n é¡�½,�þ| d1, d2,⋯, dn ∈ Rn 'uÝ
 A �Ý. Áy²:

(1) é?¿x ∈ Rn, x =
n

∑
i=1

d⊺iAx

d⊺iAdi
di; (2) A−1 =

n

∑
i=1

did
⊺

i

d⊺iAdi
.

y² (1)d5�4.1.1 ⇒ �þ| d1, d2,⋯, dn ∈ Rn �5Ã'.

⇒ é ∀x ∈ Rn, �3¢ê| α1, α2,⋯, αn ¦�

x =
n

∑
i=1

αidi.

l

⟨x,Adj⟩ = ⟨
n

∑
i=1

αidi,Adj⟩ =
n

∑
i=1

⟨αidi,Adj⟩ = αjd⊺jAdj , j = 1,2,⋯, n.

ù�,

αj =
⟨x,Adj⟩
d⊺jAdj

=
d⊺jAx

d⊺jAdj
, j = 1,2,⋯, n.

�=

x =
n

∑
i=1

d⊺iAx

d⊺iAdi
di.

(2)� A−1 = (a1, a2,⋯, an) , aj ∈ Rn, j = 1,2,⋯, n. d I = AA−1 = (Aa1,Aa2,⋯,Aan) ⇒ Aaj =

ej , j = 1,2,⋯, n, Ù¥ ej ∈ Rn L«1 j �©þ� 1 Ù§�� 0 ��þ.

d(1)��

aj =
n

∑
i=1

d⊺iAaj

d⊺iAdi
di =

n

∑
i=1

d⊺i ej

d⊺iAdi
di =

n

∑
i=1

dij

d⊺iAdi
di.

Ù¥, dij L«�þ di �1 j �©þ.

lk

A−1 = (a1, a2,⋯, an)

= (
n

∑
i=1

di1
d⊺iAdi

di,
n

∑
i=1

di2
d⊺iAdi

di,⋯,
n

∑
i=1

din
d⊺iAdi

di)

=
n

∑
i=1

di
d⊺iAdi

(di1, di2,⋯, din) =
n

∑
i=1

did
⊺
i

d⊺iAdi
. y.

4.�Ý
 A ∈ Rn×n é¡�½, b ∈ Rn, q x∗ ∈ Rn ���5�`z¯K

min
1

2
x⊺Ax s.t. x ≥ b
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��`). Áy² x∗ Ú�þ (x∗ − b) 'uÝ
 A �Ý.

y² T¯K� Lagrange ¼ê�

L(x,λ) = 1

2
x⊺Ax − λ⊺(x − b).

l�`) x∗ ÷veã�`5^�

⎧⎪⎪⎨⎪⎪⎩

∇xL(x∗, λ) = Ax∗ − λ = 0,

x∗λ ≥ b, λ⊺ (x∗ − b) = 0.

l

0 = (Ax∗)⊺ (x∗ − b) = (x∗)⊺A (x∗ − b) . y.

5.3�ÝFÝ{�S��ª¥, eëê β d D-Y úª(½, KÃØæ^Û«Ú�5K�)e�S�:

Ñk

βk =
d⊺k+1gk+1

d⊺kgk
.

y² dÚ�5K�,

dk+1 = −gk+1 + βkdk, gk+1 = βkdk − dk+1.

ld D-Y úª

βk =
g⊺k+1gk+1

d⊺k(gk+1 − gk)

�

βkd
⊺
k(gk+1 − gk) = g⊺k+1gk+1 = (βkdk − dk+1)⊺ gk+1.

�n�

−βkd⊺kgk = −d
⊺
k+1gk+1, βk =

d⊺k+1gk+1

d⊺kgk
. y.

6.3r Wolfe Ú�5Ke��ÝFÝ{¥ (0 < σ1 < σ2 < 1
2
), é?¿� ∣βk∣ ≤ βFR

k , þk

− 1

1 − σ2
≤
g⊺kdk

∥gk∥2
≤ 2σ2 − 1

1 − σ2
.

y² y²g´�Ún4.4.1�q, ·�=�ÑÜ©SN�y², Ù§�ìÚn=�.

é?¿� ∣βk∣ ≤ βFR
k = ∥gk+1∥2/∥gk∥2, ddk+1 = −gk+1 + βkdk�,

g⊺k+1dk+1

∥gk+1∥2
= −1 + βk

g⊺k+1dk

∥gk+1∥2
.
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l

∣
g⊺k+1dk+1

∥gk+1∥2
+ 1∣ = ∣βk∣

∣g⊺k+1dk∣
∥gk+1∥2

≤ βFR
k

∣g⊺k+1dk∣
∥gk+1∥2

=
∣g⊺k+1dk∣
∥gk∥2

.

drWolfeÚ�5K9 g⊺kdk < 0�

∣g⊺k+1dk∣ ≤ σ2 ∣g⊺kdk∣ .

l

∣
g⊺k+1dk+1

∥gk+1∥2
+ 1∣ ≤ σ2

∣g⊺kdk∣
∥gk∥2

.

?�Úk,

−1 + σ2
g⊺kdk

∥gk∥2
≤
g⊺k+1dk+1

∥gk+1∥2
≤ −1 − σ2

g⊺kdk

∥gk∥2
. y.
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1.�é¡Ý
 A ÷v ∥A∥F ≤ 1 , Áy² (I −A) ���½Ý
.

y² é?¿�þx

x⊺(I −A)x = tr (x⊺(I −A)x) = ⟨I −A,xx⊺⟩

= ∥(I −A)xx⊺∥
F
= ∥xx⊺ −Axx⊺∥

F

≥ ∥xx⊺∥
F
− ∥Axx⊺∥

F
= ∥x∥2

F − ∥A∥F ∥x∥2
F

= ∥x∥2
F (1 − ∥A∥F) ≥ 0. y.

2. �Ý
 P ∈ Rn×n �ÛÉ, A ∈ Rn×n . é¡. K

∥A∥F ≤ ∥PAP−1 + (PAP−1)⊺∥F.

y² �Ämà��²�

∥PAP−1 + (PAP−1)⊺∥2
F

= 4∥PAP−1∥2
F = 4tr(PAP−1PAP−1)

= 4tr(PA2P −1) = 4tr(P −1PA2)

= 4tr(A2) = 4∥A2∥F = 4∥A∥2
F ≥ ∥A∥2

F. y.

3.� Hk ∈ Rn×n �ÛÉ�é¡��½Ý
. Áy²Ý
 HDFP
k+1 ÛÉ.

y² DFP ��úª�

HDFP
k+1 =Hk +

sks
⊺
k

s⊺kyk
−
Hkyky

⊺
kHk

y⊺kHkyk
.

du Hk ≻ 0, K ∃ x ≠ 0, Hkx = 0 ⇒

HDFP
k+1 x = Hkx +

sks
⊺
k

s⊺kyk
x −

Hkyky
⊺
kHk

y⊺kHkyk
x

=
sks

⊺
k

s⊺kyk
x =

skg
⊺
kHkx

s⊺kyk
= 0.

Ù¥, sk = xk+1 − xk = −Hkgk. lkÝ
 HDFP
k+1 ÛÉ. y.

4.� Hk
é¡�½, � s⊺kyk > 0 .Áy²¦ HBroyden
k+1 ��-1��úª�ëê φ Ø3«m [0,1] S.

y² e φ ∈ [0,1], K

0 ≤
s⊺kyk

s⊺kyk − y
⊺
kHkyk

≤ 1.

s⊺kyk > 0�±lþªíÑy⊺kHkyk < 0, ù� Hk �é¡�½Ý
gñ. y.

18
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5.Áy² BFGS ��úª�±�¤

Hk+1 =Hk + (1 +
y⊺kHkyk

y⊺ksk
)
sks

⊺
k

s⊺kyk
−
Hkyks

⊺
k + sky

⊺
kHk

s⊺kyk
,

¿?�Ú�±�¤

Hk+1 = V ⊺
k HkVk +

sks
⊺
k

s⊺kyk
,

Ù¥ Vk = I − ρkyks⊺k .

y² d BFGS ��úª�

Hk+1 = (I −
sky

⊺
k

s⊺kyk
)Hk (I −

yks
⊺
k

s⊺kyk
) +

sks
⊺
k

s⊺kyk

= Hk −
sky

⊺
k

s⊺kyk
Hk −Hk

yks
⊺
k

s⊺kyk
+
sky

⊺
kHkyks

⊺
k

(s⊺kyk)
2

+
sks

⊺
k

s⊺kyk

= Hk + (1 +
y⊺kHkyk

y⊺ksk
)
sks

⊺
k

s⊺kyk
−
Hkyks

⊺
k + sky

⊺
kHk

s⊺kyk
.

?�Ú, P ρk ∶= 1/ (s⊺kyk) , Vk ∶= I − ρkyks
⊺
k k

Hk+1 = (I −
sky

⊺
k

s⊺kyk
)Hk (I −

yks
⊺
k

s⊺kyk
) +

sks
⊺
k

s⊺kyk

= V ⊺
k HkVk +

sks
⊺
k

s⊺kyk
.

y.

6. 3 DFP ��úª

HDFP
k+1 =Hk +

sks
⊺
k

y⊺ksk
−
Hkyky

⊺
kHk

y⊺kHkyk

¥, P

Ak =
sks

⊺
k

y⊺ksk
, Bk = −

Hkyky
⊺
kHk

y⊺kHkyk
,

b� H1 é¡�½, ∇f(xk) ≠ 0, k = 1,2,⋯, n. y²�^ DFP �{4�zî�à�g¼ê f(x) = 1
2x

⊺Gx+

g⊺x�k

n

∑
k=1

Ak = G−1,
n

∑
k=1

Bk = −H1.

y² �g¼ê f(x)î�à ⇒ G ≻ 0, d½n5.1.1�, Hn+1 = G−1.
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dK�^�
Hk+1 =Hk +Ak +Bk,

⇒
n

∑
k=1

Hk+1 =
n

∑
k=1

Hk +
n

∑
k=1

Ak +
n

∑
k=1

Bk,

⇒ Hn+1 =H1 +
n

∑
k=1

Ak +
n

∑
k=1

Bk,

⇒ G−1 =H1 +
n

∑
k=1

Ak +
n

∑
k=1

Bk.

db�,
n

∑
k=1

Bk = −H1 ≠ −H1

Ô⇒
n

∑
k=1

Ak = G−1 +H1 −H1,

Ô⇒
n

∑
k=1

sks
⊺
k

y⊺ksk
= G−1 +H1 −H1,

yk=GskÔ⇒
n

∑
k=1

sks
⊺
k

s⊺kGsk
= G−1 +H1 −H1,

Ô⇒
n

∑
k=1

sks
⊺
kG

s⊺kGsk
= I + (H1 −H1)G,

Ô⇒ tr(
n

∑
k=1

sks
⊺
kG

s⊺kGsk
) = tr (I + (H1 −H1)G) ,

Ô⇒ n = n + tr ((H1 −H1)G) ,

Ô⇒ tr ((H1 −H1)G) = ⟨H1 −H1,G⟩ = 0,

G≻0Ô⇒ H1 −H1 = 0,

gñ, lk
n

∑
k=1

Bk = −H1,
n

∑
k=1

Ak = G−1. y.
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1.�ÄXeêâ[Ü¯K: �[Ü¼ê�

φ(t) = (1 − x1

x2
t)

1
cx1

−1

,

Ù¥ c = 96.05 . ÏL*	��Xeêâ

ti 2000 5000 10000 20000 30000 50000

φi 0.9427 0.8616 0.7384 0.5362 0.3739 0.3096

Á^ Gauss-Newdon �{¦ëê x1, x2 , ¦�íþ¼ê� 2-�ê��.

): |^ MATLAB ^�)� x1 = −0.01604, x2 = 671.0745. y.

2.� A ∈ Rm1×n,B ∈ Rm2×n, b ∈ Rm1 . Áy²eã�5�§|

⎛
⎝
I A

A⊺ −B⊺B

⎞
⎠
⎛
⎝
y

x

⎞
⎠
=
⎛
⎝
b

0

⎞
⎠

(6.1)

'u x �)�Xe�5���¦¯K

min
x∈Rn

XXXXXXXXXXX

⎛
⎝
A

B

⎞
⎠
x −

⎛
⎝
b

0

⎞
⎠

XXXXXXXXXXX

2

(6.2)

��`).

y² �5�§| (6.1) �dueã�§|¯K

⎧⎪⎪⎨⎪⎪⎩

y +Ax = b,
A⊺y −B⊺Bx = 0.

T¯K�)÷v

A⊺b = (A⊺A +B⊺B)x,

¯K (6.2) ��`)÷v

∇x
XXXXXXXXXXX

⎛
⎝
A

B

⎞
⎠
x −

⎛
⎝
b

0

⎞
⎠

XXXXXXXXXXX

2

=
⎛
⎝
A

B

⎞
⎠

⊺ ⎡⎢⎢⎢⎢⎣

⎛
⎝
A

B

⎞
⎠
x −

⎛
⎝
b

0

⎞
⎠

⎤⎥⎥⎥⎥⎦
= 0

�=

A⊺b = (A⊺A +B⊺B)x,

21
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(J�y. y.

3.é��5���¦¯K (6.2.1), �é?¿ x ∈ Rn , �þ¼ê r(x) � Jacobi Ý
 J(x) �÷�. K

lim
µ→0

dLM(µ) = dGN, lim
µ→∞

dLM(µ)
∥dLM(µ)∥

= ds

∥dGN∥
.

y² dª (6.2.7) �

dLM = − (J(x)⊺J(x) + µI)−1
J(x)⊺r(x),

⇒ lim
µ→0

dLM(µ) = − (J(x)⊺J(x))−1
J(x)⊺r(x) = dGN.

w,, { dLM(µ)
∥dLM(µ)∥} k.. ¤±�3Âñf�, Ø��´Ù�� (k��õ). y.

4.®�,Ônþ y �,	ü�Ônþ t1, t2 �'X�

y = x1x3t1
1 + x1t1 + x2t2

,

Ù¥ x1, x2, x3 ��½ëê. �(½ùn�ëê, ÿ� t1, t2 Ú y �Xe�|êâ:

t1 1.0 2.0 1.0 2.0 0.1

t2 1.0 1.0 2.0 2.0 0.0

y 0.13 0.22 0.08 0.13 0.19

(1)^���¦{(á'u x1, x2, x3 �êÆ�.;

(2)é�Ñ���5���¦¯K�Ñ Gauss-Newton úª�S�/ª.

y² (1)���¦�ÙêÆ�.�

min
5

∑
i=1

(yi −
x1x3t1i

1 + x1t1i + x2t2i
)

2

Ù¥, y = {y1, y2,⋯, y5}⊺ , t1 = {t11, t12,⋯, t15}⊺ , t2 = {t21, t22,⋯, t25}⊺. |^ MATLAB ^��±¦�

x1 = 0.9639, x2 = 1.3415, x3 = 0.5426, 'Xª�

y = 0.5230t1
1 + 0.9639t1 + 1.3415t2

.

(2)- r(x) = (r1(x), r2(x),⋯, r5(x))⊺

ri(x) = yi −
x1x3t1i

1 + x1t1i + x2t2i
, i = 1,2,⋯,5
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P J(x) =Dxr(x), S(x) =
5

∑
i=1
ri(x)∇2ri(x), KT¯K� Gauss-Newton úª�S�/ª�

xk+1 = xk − (J(xk)⊺J(xk) + S(xk))
−1
J(xk)⊺r(xk).

äNO�L§d?Ñ. y.

5.� A ∈ Rm×n, r ∈ Rm, µ1 > µ2 > 0 , ¿� x1, x2 ©O´�§

(A⊺A + µI)x = −A⊺r,

3 µ � µ1, µ2 ��), K ∥Ax2 + r∥2 < ∥Ax1 + r∥2.

y² �ÄXeà`z�.

min
x∈Rn

∥Ax + r∥2 + µ∥x∥2

T`z�.3�`)?÷v�¿�^��

(A⊺A + µI)x = −A⊺r,

, � µ � µ1, µ2 �,Ù�`)� x1, x2. qd5� 6.2.1 �, T�.��`)´'u µ > 0 üNØO¼ê,

¤±

µ1 > µ2 > 0⇒ ∥x1∥ < ∥x2∥,

�
∥Ax2 + r∥2 + µ2∥x2∥2 ≤ ∥Ax1 + r∥2 + µ2∥x1∥2,

⇒ ∥Ax2 + r∥2 − ∥Ax1 + r∥2 ≤ µ2 (∥x1∥2 − ∥x2∥2) < 0,

⇒ ∥Ax2 + r∥2 < ∥Ax1 + r∥2. y.
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1.� A ∈ Rm×n, b ∈ Rm . Á�Ñeã«�¥:��1��¤÷v�^�:

Ω1 = {x ∈ Rn ∣ Ax = b, x ≥ 0} , Ω2 = {x ∈ Rn ∣ Ax ≥ b, x ≥ 0} .

): �â½Â 7.1.1 �, Ω1 ��1�� d ÷v

⎧⎪⎪⎨⎪⎪⎩

A(x + d) = b,
x + d ≥ 0.

⇒ (1)Ad = 0, � (2) e x �3©þ�"K d ≥ 0 ¶e x Ø�3©þ�"K d ∈ Rn.

Ω2 ��1�� d ÷v
⎧⎪⎪⎨⎪⎪⎩

A(x + d) ≥ b,
x + d ≥ 0.

⇒ (1)e�3 i ¦ (Ax)i = bi K Ad ≥ 0; e Ax > b K Ad ∈ Rm, � (2) e x �3©þ�"K d ≥ 0 ¶e x

Ø�3©þ�"K d ∈ Rn. y.

2.� A ∈ Rm×n, b ∈ Rn . y²eãü�5XÚTÐ��k):

(1) Ax ≥ 0, x ≥ 0, b⊺x > 0; (2) A⊺y ≥ b, y ≤ 0.

y² P

B ∶=
⎛
⎝
A

I

⎞
⎠

2m×n

, b̄ ∶= −b, ȳ ∶= −y.

K

(1)⇔ Bx =
⎛
⎝
A

I

⎞
⎠
x ≥ 0, c⊺x < 0;



XÚ(2)k)⇔ A⊺ȳ ≤ c, ȳ ≥ 0,

⇔ A⊺ȳ + z = c, ȳ ≥ 0, z ≥ 0,

⇔ Bw = c, w ∶=
⎛
⎝
ȳ

z

⎞
⎠
≥ 0.

dÚn 7.2.2′ �þãXÚ��k), ¤± (1) Ú (2) TÐ�k��k). y.

3.� A = (aij)n×n é¡. y²Xe`z¯K

min
µ∈R, x∈Rn

∥A − µxx⊺∥2

F
=

n

∑
i,j=1

(aij − µxixj)2 , s.t. x⊺x = 1

�)� A 3ýé�¿Âe���A��9ÙéA�A��þ.

24
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y² �Ä8I¼ê

∥A − µxx⊺∥2

F
= ∥A∥2

F − 2µ ⟨A,xx⊺⟩ + µ ∥xx⊺∥2

F

= ∥A∥2
F − 2µx⊺Ax + µ∥x∥4.

�`z¯K� Lagrange ¼ê�

L(µ,x, λ) = ∥A∥2
F − 2µx⊺Ax + µ2∥x∥4 − λ(x⊺x − 1).

¤±�`5^��
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∇µL(µ,x, λ) = −2x⊺Ax + 2µ∥x∥4 = 0,

∇xL(µ,x, λ) = −4µAx + 4µ2∥x∥2x − 2λx = 0,

x⊺x = 1⇔ ∥x∥2 = 1.

Ù¥, ∇x∥x∥4 = ∇x (∥x∥2∥x∥2) = 2x∥x∥2 + ∥x∥22x = 4∥x∥2x, ��

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−2x⊺Ax + 2µ = 0,

−4µAx + (4µ2 − 2λ)x = 0,

∥x∥2 = 1.

⇒

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

λ = 0,

µ = x⊺Ax,
µ (µx −Ax) = 0.

� µ ≠ 0 �, k µx = Ax, = µ ´ A �A��, x ´ A 'uA�� µ éA�A��þ. q

∥A − µxx⊺∥2

F
= ∥A∥2

F − 2x⊺Ax + µ∥x∥4

= ∥A∥2
F − 2µx⊺µx + µ∥x∥4

= ∥A∥2
F − µ

2

¤±, �¦8I¼ê�����, �I�¦

µ0 = ∣λmax(A)∣ .

Ù¥, ∣λmax(A)∣ L« A 3ýé�¿Âe���A��. ,	, w,

∥A∥2
F − µ

2
0 ≤ ∥A∥2

F = ∥A − 0xx⊺∥2

F
,

Ïd, ÃI2�Ä µ = 0 ���¹. y.

4.��å`z¯K (7.1.1) ¥�¼êëY��, x∗ �Ù�ÛÜ�`�:. PT¯K3 x∗ :��1��

¤�¤�8Ü�4, =�1�3 x∗ :��I� T (x∗) , �å`z¯K3 x∗ :��5zI�½Â�

F (x∗) = {s ∈ Rn ∣ s⊺∇ci (x∗) = 0, i ∈ E ; s⊺∇ci (x∗) ≥ 0, i ∈ I (x∗)} .
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e T (x∗) = F (x∗), K�å`z¯K3 x∗ : KKT ^�¤á.

y² Äk A �4I÷v

A○ = {z ∈ Rn ∣ ⟨z, y⟩ ≤ 0, y ∈ A} .

Ùg, ·�`, e x∗ �ÛÜ�`�: ⇒ −∇f (x∗) ∈ T ○ (x∗) . ¯¢þ, P�1�� S, K

T (x∗) = {y ∈ Rn ∣ lim
k→∞

αk (xk − x∗) = y, lim
k→∞

xk = x∗, xk ∈ S,αk ≥ 0, k = 1,2,3,⋯} .

@o, ∀ y ∈ T (x∗) , ∃ xk ∈ S,xk → x∗ � {xk} ±9 αk ≥ 0 ¦

αk(xk − x∗)→ y,

q f 3 x∗ ��, ±9 x∗ ÛÜ4� ⇒

f(xk) − f (x∗) = ∇f (x∗) (xk − x∗) + o(∥xk − x∗∥) ≥ 0,

⇒ = ⟨∇f (x∗) , αk(xk − x∗)⟩ +
o(∥xk − x∗∥)
∥xk − x∗∥

αk∥xk − x∗∥ ≥ 0,

⇒ ⟨∇f (x∗) , y⟩ + 0 ⋅ y ≥ 0, k →∞,

⇒ ⟨∇f (x∗) , y⟩ ≥ 0,

⇒ −∇f (x∗) ∈ T ○ (x∗) = {z ∈ Rn ∣ ⟨z, y⟩ ≤ 0, y ∈ T (x∗)} .

ey²��(J. -

K = { y ∈ Rn∣ y⊺ai ≤ 0, i = 1,2,⋯,m; y⊺bj = 0, j = 1,2,⋯, l} ,

�±y² K �4I�

K○ =
⎧⎪⎪⎨⎪⎪⎩
x ∈ Rn∣ x =

m

∑
i=1

αiai +
l

∑
j=1

βjbj ; αi ≥ 0, i = 1,2,⋯,m
⎫⎪⎪⎬⎪⎪⎭
.

lk

F○ (x∗) =
⎧⎪⎪⎨⎪⎪⎩
x ∈ Rn∣ x = ∑

i∈I(x∗)
λi∇ci (x∗) +∑

i∈E
µi∇ci (x∗) ; λi ≥ 0, i ∈ I (x∗)

⎫⎪⎪⎬⎪⎪⎭
.

d®�^�, e T (x∗) = F (x∗) ⇒ −∇f (x∗) ∈ T ○ (x∗) = F○ (x∗) .

K ∃ λ̄i ≥ 0, i ∈ I (x∗) ; µ̄i ∈ R, i ∈ E ¦

−∇f (x∗) = ∑
i∈I(x∗)

λ̄i∇ci (x∗) +∑
i∈E
µ̄i∇ci (x∗) ,



27

- λ̄i = 0, i ∈ I/I (x∗), lk

0 = ∇f (x∗) +∑
i∈I
λ̄i∇ci (x∗) +∑

i∈E
µ̄i∇ci (x∗) .

y.

5. �A1 ∈ Rm1×n, A2 ∈ Rm2×n, b1 ∈ Rm1 , b2 ∈ Rm2 , c ∈ Rn, d ∈ R. eé?¿�x ∈ RnÑk

A1x = b1
A2x ⩽ b2

⎫⎪⎪⎬⎪⎪⎭
⇒ c⊺x ⩽ d,

K�3y1 ∈ Rm1 , y2 ∈ Rm2
+ , ÷v ⎧⎪⎪⎨⎪⎪⎩

c = A⊺
1y1 +A⊺

2y2,

d ⩾ b⊺1y1 + b⊺2y2.

y² �Ä�55y¯K
max c⊺x

s.t. A1x = b1

A2x ⩽ b2
�âK�, T�55y¯Kk�`), ��x∗. Kc⊺x∗ ⩽ d. d½n7.2.1, �3y1 ∈ Rm1 , y2 ∈ Rm2

+ ¦�

⎧⎪⎪⎨⎪⎪⎩

c = A⊺
1y1 +A⊺

2y2,

y⊺1(A1x
∗ − b1) + y⊺2(A2x

∗ − b2) = 0.

|^c�ª�ò��ª�n�,

0 = (y⊺1A1 + y⊺2A2)x∗ − (y⊺1b1 + y
⊺
2b2)

= c⊺x∗ − (y⊺1b1 + y
⊺
2b2)

⩽ d − (y⊺1b1 + y
⊺
2b2). y.

6. éA1 ∈ Rm1×n, A2 ∈ Rm2×n, b1 ∈ Rm1 , b2 ∈ Rm2 , c ∈ Rn, d ∈ R, �eã�5XÚk)

⎧⎪⎪⎨⎪⎪⎩

A1x = b1,
A2x ⩽ b2.

KeãüXÚTk��k):

(1)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

A1x = b1,
A2x ⩽ b2,
c⊺x > d,

(2)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

c = A⊺
1y1 +A⊺

2y2,

d ⩾ b⊺1y1 + b⊺2y2,

y1 ∈ Rm1 , y2 ∈ Rm2
+ .

y² eXÚ(1)Ã), |^c�·K(Ø�XÚ(2)k).

�L5, �XÚ(1)k). ��XÚ(2)�k), K�3x ∈ Rn Úy1 ∈ Rm1 , y2 ∈ Rm2
+ ©O÷vXÚ(1)(2).

K
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d < x⊺c = x⊺A⊺
1y1 + x⊺A⊺

2y2 ⩽ b⊺1y1 + b⊺2y2 ⩽ d.

dgñ`²XÚ(2)Ã). y.

7.ïáeã`z¯K� KKT ^�Ú���`5^�, ¿?Ø��o�`�Ãe.

min − 3x1 + x2 − x2
3,

s.t. x1 + x2 + x3 ≤ 0,

− x1 + 2x2 + x2
3 = 0.

): P

c1(x) ∶= −x1 − x2 − x3, c2(x) ∶= −x1 + 2x2 + x2
3.

T¯K� Lagrange ¼ê�

L(x,λ) = −3x1 + x2 − x2
3 + λ1 (x1 + x2 + x3) + λ2 (−x1 + 2x2 + x2

3) .

�T`z¯K� KKT ^�
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∇x1L(x,λ) = −3 + λ1 − λ2 = 0,

∇x2L(x,λ) = 1 + λ1 + 2λ2 = 0,

∇x3L(x,λ) = −2x3 + λ1 + 2λ2x3 = 0,

λ1 (x1 + x2 + x3) = 0, x1 + x2 + x3 ≤ 0,

−x1 + 2x2 + x2
3 = 0, λ1 ≥ 0.

)�

λ∗1 =
5

3
, λ∗2 = −

4

3
, x∗1 = −

115

588
, x∗2 = −

95

588
, x∗3 =

5

14
.

e¡ïá��7�^�, O��

∇c1(x∗) =
⎛
⎜⎜
⎝

−1

−1

−1

⎞
⎟⎟
⎠
, ∇c2(x∗) =

⎛
⎜⎜
⎝

−1

2

1

⎞
⎟⎟
⎠
.

w,, ∇c1(x∗) � ∇c2(x∗) �5Ã'. éu÷v s⊺∇c1(x∗), s⊺∇c2(x∗) � s, =

⎧⎪⎪⎨⎪⎪⎩

−s1 − s2 − s3 = 0,

−s1 + 2s2 + s3 = 0.
⇒ s = (t,2t,−3t)⊺, (t ≠ 0).

�

s⊺∇xxL(x∗, λ∗)s = (t,2t,−3t)
⎛
⎜⎜
⎝

0 0 0

0 0 0

0 0 2λ∗2 − 2

⎞
⎟⎟
⎠

⎛
⎜⎜
⎝

t

2t

−3t

⎞
⎟⎟
⎠
= −42t2 < 0.
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¤±, � x∗ = (−115
588 ,−

95
588 ,

5
14

) Ø´T`z¯K�ÛÜ�`).

,	, �¯K�du

min − 4x1 + 3x2,

s.t. x1 + x2 + x3 ≤ 0.

w,, ¯K (7) Ãe. (�� x1 = x3 = 0, x2 = −∞). y.

8.� A ∈ Rl×m, B ∈ Rl×n, c ∈ Rl, f ∶ Rm → R Ú g ∶ Rn → R ëY��, X Ú Y ©O� Rm Ú Rn ��

�48. é�å`z¯K

min f(x) + g(y), s.t. Ax +By = c, x ∈ X , y ∈ Y,

Ú\ Lagrange ¼ê

L(x, y, λ) = f(x) + g(y) − λ⊺ (Ax +By − c) .

Áy²��å`z¯K�½:�du÷veã^�� z∗ ∈ Z ∶

⟨Q (z∗) , z − z∗⟩ ≥ 0, ∀z ∈ Z,

Ù¥

Z = X ×Y ×Rl, z =
⎛
⎜⎜
⎝

x

y

λ

⎞
⎟⎟
⎠
, Q(z) =

⎛
⎜⎜
⎝

∇xL(x, y, λ)
∇yL(x, y, λ)
Ax +By − c

⎞
⎟⎟
⎠
.

y² w, Lagrange ¼êëY��, Ù3: z∗ = (x∗, y∗, λ∗)⊺ ?��VÐm�

L(x, y, λ) = L(x∗, y∗, λ∗) + ⟨Q (z∗) , z − z∗⟩ + o(∥z − z∗∥), ∀x ∈ X , y ∈ Y, λ ∈ R.

e ⟨Q (z∗) , z − z∗⟩ ≥ 0, Ké ∀x ∈ X , y ∈ Y, λ ∈ R k

L(x, y, λ) ≥ L(x∗, y∗, λ∗) + o(∥z − z∗∥),

⇒ f(x) + g(y) − λ⊺ (Ax +By − c) ≥ L(x∗, y∗, λ∗) = f(x∗) + g(y∗),
λ→0⇒ f(x) + g(y) ≥ f(x∗) + g(y∗), ∀x ∈ X , y ∈ Y.

= (x∗, y∗)⊺ ��¯K�½:. ,��¡, e (x∗, y∗)⊺ ��¯K�½:, é ∀x ∈ X , y ∈ Y, λ ∈ R k

L(x, y, λ) = L(x∗, y∗, λ∗) + ⟨Q (z∗) , z − z∗⟩ + o(∥z − z∗∥),

= f(x∗) + g(y∗) + ⟨Q (z∗) , z − z∗⟩ + o(∥z − z∗∥),

≤ f(x) + g(y) + ⟨Q (z∗) , z − z∗⟩ + o(∥z − z∗∥).
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⇒

− λ⊺ (Ax +By − c) ≤ ⟨Q (z∗) , z − z∗⟩ + o(∥z − z∗∥),
λ→0⇒ ⟨Q (z∗) , z − z∗⟩ + o(∥z − z∗∥) ≥ 0,

⇒ ⟨Q (z∗) , z − z∗⟩ ≥ 0,∀z ∈ Z. y.

9.� a = (a1, a2,⋯, an) , c = (c1, c2,⋯, cn) > 0, b ���ê, Kéeã`z¯K

min f(x) =
n

∑
i=1

ci
xi
, s.t.

n

∑
i=1

aixi = b, x ≥ 0

�`� f∗ = 1
b [

n

∑
i=1

(aici)1/2]
2

.

y² T¯K� Lagrange ¼ê�

L(x,λ,µ) =
n

∑
i=1

ci
xi
− λ(

n

∑
i=1

aixi − b) − µ⊺x.

��`5^�

⎧⎪⎪⎪⎨⎪⎪⎪⎩

∇xiL(x,λ,µ) = −
ci
x2i
− λai − µixi = 0, i = 1,2,⋯, n,

n

∑
i=1
aixi = b; µ⊺x = 0, x ≥ 0, µ ≥ 0.

w,d8I¼ê� x∗i > 0, i = 1,2,⋯, n ⇒ µ∗ = 0 ⇒

ci
x∗i

= −λ∗aix∗i , i = 1,2,⋯, n,

⇒
n

∑
i=1

ci
x∗i

= −λ∗
n

∑
i=1

aix
∗
i = −λ∗b,

⇒ λ∗ = −f(x
∗)
b

= −f
∗

b
.

l
ci
x∗2
i

= −λ∗ai, i = 1,2,⋯, n,

⇒ ci
x∗i

=
√
−λ∗aici =

√
f∗

b

√
aici, i = 1,2,⋯, n,

⇒ f∗ =
n

∑
i=1

ci
x∗i

=
√

f∗

b

n

∑
i=1

√
aici,

⇒ f∗ = 1

b
[
n

∑
i=1

(aici)1/2]
2

.
y.
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10.�Ñeã`z¯K

min (x1 −
4

9
)

2

+ (x2 − 2)2 ,

s.t. − x2
1 + x2 ≥ 0,

x1 + x2 ≤ 6,

x1, x2 ≥ 0.

� KKT ^�, ¿�y (4
9 ,2) �T`z¯K����Û�`�:.

): T¯K� Lagrange ¼ê�

L(x,λ) = (x1 −
4

9
)

2

+ (x2 − 2)2 − λ1 (−x2
1 + x2) − λ2 (6 − x1 − x2) − λ3x1 − λ4x2.

�T`z¯K� KKT ^�

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∇x1L(x,λ) = 2 (x1 − 4
9
) + 2λ1x1 + λ2 − λ3 = 0,

∇x2L(x,λ) = 2 (x2 − 2) − λ1 + λ2 − λ4 = 0,

λ1 (−x2
1 + x2) = 0,−x2

1 + x2 ≥ 0,

λ2 (6 − x1 − x2) = 0, x1 + x2 ≤ 6,

λ3x1 = 0, λ4x2 = 0, x1, x2 ≥ 0, λ ≥ 0.

N´�y x1 = 4
9 , x2 = 2, λ1 = λ2 = λ3 = λ4 = 0 ÷vþã KKT ^�, qN´�yT`z�K�à`z, ¤±

(4
9 ,2) �T`z¯K����Û�`�:. y.

11.� A ∈ Rm×n, b ∈ Rn .Á�Ñeã�g5y¯K� Lagrange éó:

min ∥x − b∥2, s.t. Ax = 0.

): ¯K� Lagrange ¼ê�

L(x,λ) = ∥x − b∥2 − λ⊺Ax, λ ∈ Rm, x ∈ Rn.

K Lagrange éó¼ê�

θ(λ) = inf
x∈Rn

{L(x,λ)} , λ ∈ Rm.

du

∇xL(x,λ) = 2(x − b) −A⊺λ = 0 ⇒ x = 1

2
A⊺λ + b. ⇒

θ(λ) = ∥1

2
A⊺λ + b − b∥2 − λ⊺A(1

2
A⊺λ + b) ,

= 1

4
∥A⊺λ∥2 − 1

2
∥A⊺λ∥2 − λ⊺Ab,

= − 1

4
∥A⊺λ∥2 − λ⊺Ab,
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l Lagrange éó�

max
λ∈Rm

− 1

4
∥A⊺λ∥2 − λ⊺Ab. y.

12. � A ∈ Rm×n, b ∈ Rn 1÷�, c ∈ Rn ��"�þ, � A⊺ (AA⊺)−1
Ac − c . ¦eã`z¯K��`

)Ú�`�

min c⊺x, s.t. Ax = 0, x⊺x ≤ 1.

): w,T¯Kà� x = 0 ÷v Slater ^�, l��`)�du K-T :.

¯K� Lagrange ¼ê�

L(x,λ,µ) = c⊺x − λ⊺Ax − µ(1 − x⊺x).

�T`z¯K� KKT ^�
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∇xL(x,λ,µ) = c −A⊺λ + 2µx = 0,

Ax = 0, x⊺x ≤ 1,

µ(1 − x⊺x) = 0, µ ≥ 0.

d (7) ⇒ λ = (AA⊺)−1
Ac �

µx = A
⊺λ − c

2
, µ = µx⊺x,

⇒ µ2 = µx⊺µx,

⇒ µ = ∥µx∥2 =
∥A⊺λ − c∥2

2
= ∥A⊺ (AA⊺)−1

Ac − c∥2

2
,

⇒ x = A
⊺λ − c
2µ

= A⊺ (AA⊺)−1
Ac − c

∥A⊺ (AA⊺)−1Ac − c∥2

.

l�`�� c⊺x = −2µx⊺x = −2µ = −∥A⊺ (AA⊺)−1
Ac − c∥2. y.

13.éN� φ ∶ Rn × Rm , � x̄ ´4��¼ê max{φ(x, y) ∣ y ∈ Rm} ����:, ȳ ´4��¼ê

min{φ(x, y) ∣ x ∈ Rn} ����:. Áy² (x̄, ȳ) ´¼ê φ �Q:�¿©7�^�´

φ (x̄, ȳ) = min
x∈Rn

max
y∈Rm

φ(x, y).

y² dQ:±9 x̄, ȳ ½Â

φ (x̄, y) ≤ φ (x̄, ȳ) ≤ φ (x, ȳ) , ∀ x ∈ Rn, y ∈ Rm

⇔ max
y∈Rm

φ (x̄, y) ≤ φ (x̄, ȳ) ≤ min
x∈Rn

φ (x, ȳ) ,

⇔ min
x∈Rn

max
y∈Rm

φ (x, y) ≤ φ (x̄, ȳ) ≤ max
y∈Rm

min
x∈Rn

φ (x, y) ,

⇔ φ (x̄, ȳ) = min
x∈Rn

max
y∈Rm

φ (x, y) = max
y∈Rm

min
x∈Rn

φ (x, y) . y.
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14.ïáeã`z¯K� Lagrange éó5y

min x2
1 + x2

2, s.t. x1 + x2 ≥ 4; x1, x2 ≥ 0.

�yéó5y�8I¼ê� θ(u) = −u2/2 + 4u , ¿�éómY�".

y² w,

x2
1 + x2

2 ≥
(x1 + x2)2

2
≥ 42

2
= 8,

�Ò¤á�^�´ x1 = x2 = 2, ¤±T`z¯K��`)� x1 = x2 = 2, �`�� 8.(�,, ��±|^

KKT ^����`)Ú�`�.)

�Ä Lagrange ¼ê

L(x,µ) = x2
1 + x2

2 − µ (x1 + x2 − 4) .

Lagrange éó¼ê�

θ(µ) = inf {L(x,µ) ∣ x1, x2 ≥ 0} , µ ≥ 0.

�Ä
L(x,µ) = x2

1 + x2
2 − µ (x1 + x2 − 4) ,

= (x1 −
µ

2
)

2

+ (x2 −
µ

2
)

2

− µ
2

2
+ 4µ,

≥ − µ
2

2
+ 4µ.

����Ø�ª¥�Ò¤á�^�´ x1 = x2 = µ/2 ≥ 0. ¤±éó5y�8I¼ê�

θ(µ) = −µ
2

2
+ 4µ = −1

2
(µ − 4)2 + 8, µ ≥ 0.

l Lagrange éó�

max −1

2
(µ − 4)2 + 8, s.t. µ ≥ 0.

w,, max θ(µ) = θ(4) = 8, =éómY�". y.

15. �Äeã`z¯K

max
n

∑
i=1

x3
i , s.t.

n

∑
i=1

xi = 0,
n

∑
i=1

x2
i = n.

ÁÏL KKT ^�O�T¯K� K-T :, ¿ÏL��^��yù
 K-T :��¯K�ÛÜ4��:.

): �¯K�due¡`z¯K

min −
n

∑
i=1

x3
i , s.t.

n

∑
i=1

xi = 0,
n

∑
i=1

x2
i = n.
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�Ä¯K (7) � Lagrange ¼ê

L(x,λ1, λ2) = −
n

∑
i=1

x3
i + λ1

n

∑
i=1

xi + λ2 (
n

∑
i=1

x2
i − n) .

Ù KKT ^��
⎧⎪⎪⎪⎨⎪⎪⎪⎩

∇xiL(x,λ1, λ2) = −3x2
i + λ1 + 2λ2xi = 0, i = 1,2,⋯, n,

n

∑
i=1
xi = 0,

n

∑
i=1
x2
i = n.

⇒
n

∑
i=1

(−3x2
i + λ1 + 2λ2xi) = −3n + nλ1 = 0, ⇒ λ1 = 3.

⇒ ∀ i, xi ≠ 0, ⇒

λ2 =
3

2
(xi −

1

xi
) , i = 1,2,⋯, n,

⇒ xi = xj or xi = −
1

xj
, i ≠ j.

¿�þüª�Ó��3, =Ù¥�ªØ�Uéu¤k� i ∈ {1,2,⋯, n} Ñ¤á. ¤±, Ø��

x1 = x2 = ⋯ = xk = a,

xk+1 = xk+2 = ⋯ = xn = −
1

a
, k ≥ 1, a > 0.

d
n

∑
i=1

xi = 0,
n

∑
i=1

x2
i = n, ⇒

⎧⎪⎪⎨⎪⎪⎩

ka + (n − k)−1
a = 0,

ka2 + (n − k)−1
a2

= n.

)�

k = n

a2 + 1
� λ2 =

3

2
(a − 1

a
) .

`²: ùp� a ���´�½U�y k �����ê�. l, 8I¼ê��

f(x) = −ka3 − (n − k)−1

a3
= − n

a2 + 1
a3 − (n − n

a2 + 1
)−1

a3
= n(1

a
− a).

K-T : x ÷v: n
a2+1

©þ�� a ; na2

a2+1
©þ�� 1

a .

e¡�Ä��¿©^�, Ø�- K-T : x = (a,⋯, a, 1
a ,⋯,

1
a
), =c k = n

a2+1
�©þ�� a. P

c1(x) =
n

∑
i=1

xi; c2(x) =
n

∑
i=1

x2
i − n.

Kd s⊺∇c1(x) = 0, s⊺∇c2(x) = 0 ⇒

⎧⎪⎪⎨⎪⎪⎩

s1 + s2 +⋯ + sn = (s1 +⋯ + sk) + (sk+1 +⋯ + sn) = 0,

2x1s1 + 2x2s2 +⋯ + 2xnsn = 2a (s1 +⋯ + sk) − 2
a (sk+1 +⋯ + sn) = 0.
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⇒ s1 +⋯ + sk = 0; sk+1 +⋯ + sn = 0.

-

S ∶= {s ∈ Rn∣ s1 +⋯ + sk = 0; sk+1 +⋯ + sn = 0} .

�±�� S �?¿Ä�þÑ´/Xe¡��þ

s̃ = (0,⋯,0,1,0,⋯,0,−1,0⋯,0
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

k�

,0,⋯,0,1,0,⋯,0,−1,0⋯,0
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

n−k�

)⊺

N´O�

∇2
xxL(x,λ1, λ2) =

⎛
⎜⎜
⎝

−6x1 + 2λ2

⋱
−6xn + 2λ2

⎞
⎟⎟
⎠
= −6

⎛
⎜⎜
⎝

x1

⋱
xn

⎞
⎟⎟
⎠
+ 2λ2I

= − 6

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

a

⋱
a

−1
a

⋱
−1
a

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

+ 3(a − 1

a
) I.

lk

s̃⊺∇2
xxL(x,λ1, λ2)s̃ = −6(2a − 2

a
) + 3(a − 1

a
)4 = 0.

¤±d��¿©^��ù
 K-T :��¯K�ÛÜ4��:. y.

16.� a1, a2,⋯, am ∈ Rn . Á^ KKT ^��Ñeã`z¯K��`)

min
m

∑
i=1

∥x − ai∥2, s.t. x⊺x = 1.

): T¯K� Lagrange ¼ê

L(x,λ) =
m

∑
i=1

∥x − ai∥2 − λ (x⊺x − 1) .

Ù KKT ^��
⎧⎪⎪⎪⎨⎪⎪⎪⎩

∇xL(x,λ) = 2
m

∑
i=1

(x − ai) − λx = 0,

x⊺x = 1.

⇒

λ∗ = 2m − 2∥
m

∑
i=1

ai∥, x∗ =

m

∑
i=1
ai

∥
m

∑
i=1
ai∥

,
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÷vþã KKT ^�, qdT5y�à, � x∗ ��`). y.

18. �a ∈ Rn. Á^KKT^�¦eã`z¯K��`)Ú�`�

min{
n

∑
i=1

a2
i

xi
∣ e⊺x ⩽ 1, x > 0}

y² T¯Kw,�du

min{
n

∑
i=1

a2
i

xi
∣ e⊺x = 1, x > 0}

|^KKT^�,
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

a2i
x2i

= µ, i = 1,2,⋯, n
n

∑
i=1
xi = 1

d1�ª�a2
i�x

2
i¤'~, =∣ai∣�xi¤'~. |^1�ª�x = ∣a∣

∥a∥1 . �\��`�∥a∥2
1.

19. én�¢é¡Ý
A,B, |^éónØy²eã(Ø�d.

(1) é?¿�"�þx ∈ Rn, max{x⊺Ax,x⊺Bx} ⩾ 0(> 0);

(2) �3�"~êλ,µ÷vλ + µ = 1¦�λA + µB��½(�½).

y² �Ä`z¯K
min t

s.t. t − x⊺Ax ⩾ 0

t − x⊺Bx ⩾ 0

x⊺x ⩾ 1

w,, (1)¤á�¿©7�^�´þã`z¯K��`�t∗ ⩾ 0, (1)Ø¤á�¿�^�´t∗ = −∞.

�Äþã`z¯K�Lagrange¼ê

max
µ⩾0

min
t,x

L(t, µ1, µ2, µ3) = t − µ1(t − x⊺Ax) − µ2(t − x⊺Bx) − µ3x
⊺x

éS�`z¯K, |^�`5^�

1 − µ1 − µ2 = 0, µ1A + µ2B − µ3I ≽ 0

�òéó5y¯K�¤
max
µ⩾0

0

s.t. 1 − µ1 − µ2 = 0

µ1A + µ2B − µ3I ≽ 0
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dféó½n,�¯Kk)�¿©7�^�´éó¯K�N,=�3~êµ1, µ2 ⩾ 0÷vµ1+µ2 = 1¦�µ1A1+

µ2A2 ≽ 0. y.

20. �Ä`z¯K

min
x∈X ,y∈Y

f(x, y)

Ù¥, X ,Y©O�Rn,Rm¥���4à8. XJ�3x∗ ∈ X , y∗ ∈ Y¦�

x∗ = arg min
x∈X

f(x, y∗), y∗ = arg min
y∈Y

f(x∗, y)

�¯(x∗, y∗)´Ä��¯K��`)?

): Ø´, �~Xe. �Ä½Â3[0,1] × [0,1]þ���¼êf(x, y) = xy. w,, (0,0):÷v

x∗ = arg min
x∈X

f(x, y∗), y∗ = arg min
y∈Y

f(x∗, y).

�§Ø´�å`z¯K��`).

XJ8I¼êf(x, y)3(x∗, y∗):NC�à¼ê,K(Ø¤á. Ï�é?¿(x∗, y∗)NC�(x, y) ∈ X ×Y,

f(x, y) − f(x∗, y∗) ⩾ ∇xf(x∗, y∗)⊺(x − x∗) +∇yf(x∗, y∗)⊺(y − y∗).

þªmà�K. (Ø¤á.

21. éÃ�å`z¯K

min
x∈Rn

1

2
∥Ax − b∥2 + λ∥x∥1

Ú\Cþy = x, ��å`z¯K

min
1

2
∥Ax − b∥2 + λ∥y∥1

s.t. y − x = 0

Á|^�ö�éóïá�`z¯K���´u¦)�=z/ª.

): T¯K�Lagrangeéó�

max
z∈Rn

min
x,y∈Rn

L(x, y, z)

Ù¥§

L(x, y, z) = 1

2
∥Ax − b∥2 + λ∥y∥1 + z⊺(x − y).

duS�`z¯K�8I¼ê'ux, y�©l, ¤±S�`z¯K��¤

min
x∈Rn

(1

2
∥Ax − b∥2 + z⊺x) + min

y∈Rn
(λ∥y∥1 − z⊺y)
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éc�`z¯K, du8I¼ê�à¼ê, �d���`5^��

x∗ = (A⊺A)−1(A⊺b − z).

é��`z¯K, |^8I¼ê��©l5´�(ë1�ÙSK15)

min
y∈Rn

λ∣y∣1 − z⊺y =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

0, e∥z∥∞ ⩽ λ,

−∞, e∥z∥∞ > λ.

ù�, éó¯K��¤

max
z∈Rn

min
x,y∈Rn

L(x, y, z)

= max
∥z∥∞⩽λ

1

2
∥A(A⊺A)−1(A⊺b − z) − b∥2 + z⊺(A⊺A)−1(A⊺b − z)

= max
∥z∥∞⩽λ

−1

2
z⊺(A⊺A)−1z + z⊺(A⊺A)−1A⊺b

= min
∥z∥∞⩽λ

1

2
z⊺(A⊺A)−1z − z⊺(A⊺A)−1A⊺b

du�¯K��5�å�à`z¯K, ¤±réó½n¤á. ù�, ��1w`z¯KÒ�d/z�

��{ü�å�1w`z¯K.



18Ù �g5y

1. � a Ú x0 � n �"¢�þ. Á�Ñeã�g5y¯K��`)

min ∥x − x0∥2, s.t. a⊺x = 0.

): T¯K� Lagrange ¼ê

L(x,λ) = ∥x − x0∥2 − λa⊺x.

Ù KKT ^��
⎧⎪⎪⎨⎪⎪⎩

∇xL(x,λ) = 2(x − x0) − λa = 0,

a⊺x = 0.

⇒ λ∗ = −2a⊺x0

∥a∥2
, x∗ = x0 −

a⊺x0

∥a∥2
a,

qdT5y�à, � x∗ ��`). y.

2. �n��
Gé¡�½. Á¯: max{0,−G−1g}´eã`z¯K��`)í?

min{1

2
x⊺Gx + g⊺x ∣ x ≥ 0}

Á'�

G =
⎛
⎝

2 −1

−1 3

⎞
⎠
, g = (−3; 2)

�, max{0,−G−1g}éA�8I¼ê�Ú(3/2; 0)éA�8I¼ê����.

): Ø�½´. �~=�

G =
⎛
⎝

2 −1

−1 3

⎞
⎠
, g = (−3; 2)

�, max{0,−G−1g}���g5y¯K. d��8I¼ê�f(x) = x2
1 + 3

2x
2
2 − x1x2 − 3x1 + 2x2

du

G−1 =
⎛
⎝

2 −1

−1 3

⎞
⎠

−1

=
⎛
⎝

3
5

1
5

1
5

2
5

⎞
⎠

¤±,

−G−1g = (7

5
;
−1

5
).

ù�max{0,−G−1g} = (7
5 ; 0). N´O�, T:éA�8I¼ê��−56

25 , (3/2; 0)éA�8I¼ê��−9
4 . ´

�T��uþ��, Ù��0.01.

39
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3. �a, b, c, d ∈ R. -

G =

⎛
⎜⎜⎜⎜⎜
⎝

a b ⋯ b

b a ⋯ b

⋮ ⋮ ⋱ ⋮
b b ⋯ a

⎞
⎟⎟⎟⎟⎟
⎠

.

KéXe�g5y¯K

min{1

2
x⊺Gx + ce⊺x ∣ e⊺x ⩾ d, x ⩾ 0}

?¿N�Cþxi, xj� �, 8I¼êÚ�å¼êÑØC, �¡Ù�é¡�g5y. Á�ÑÝ
G(�)�½�

¿�^�, ¿^�y{y²e8I¼ê�Hesse
G��½, K�3�g5y��`)÷vx∗1 = ⋯ = x∗n.

): Äk, n�¢�é¡Ý
A��½Ý
��=�a > −(n − 1)b > 0 ½a > b > 0.

¯¢þ, dÝ
�é¡�½Â�§eÝ
A�n�¢�é¡Ý
§KA7�¢é¡Ý
"qÏ�n�¢é

¡Ý
�½��=�Ùn�^SÌfªþ�u0, Ïdþã¯K=z�3Ý
A�é¡�cJe?ØÙ^S

Ìfª��¹"d�é¡�5��A�^SÌfª/ªXeµ

Ak =

RRRRRRRRRRRRRRRRRRRRRRRRRRR

a b b ⋯ b

b a b ⋯ b

b b a ⋯ b

⋮ ⋮ ⋮ ⋮
b b b ⋯ a

RRRRRRRRRRRRRRRRRRRRRRRRRRRk×k

= [a + (k − 1)b](a − b)k−1, k = 1,2,⋯, n

�¦Ak > 0, ∀ k = 1,2,⋯, n, =[a + (k − 1)b](a − b)k−1 > 0, ∀ k = 1,2,⋯, n éuþãØ�ª�)·�©

�¹?Øµ

�k�Ûê�§k(a − b)k−1 ≥ 0, �)�a > −(k − 1)b, ∀ k = 1,3,5,⋯

�k�óê�§eb > 0, Ka < −(k − 1)b ½a > b. eb < 0, Ka > −(k − 1)b ½a < b.

du��^SÌfªA1 = a > 0, �þã?Ø¥�k�óê�b > 0�=k)a > b§�k�óê�b < 0�

=k)a > −(k − 1)b ∀ k = 2,4,6,⋯"

nþ¤ã§

�b < 0�§a > −(k − 1)b, k = 1,2,3,⋯, n d�=�¦a > −(n − 1)b=�¶

�b > 0 k�Ûê�§a > −(k − 1)b, k = 1,3,5,⋯, n d�=�¦a > 0=�¶

�b > 0 k�óê�§a > b"T(Ø�±{P�a > −(n − 1)b > 0 ½a > b > 0.

Ùg, �T�g5y��`)�x = (x1, x2,⋯, xn)⊺, �Ù©þØ��Ó, Ø��x1 ≠ x2. db���

8I¼ê��`�

f(x) = 1

2
x⊺Gx + g⊺x = 1

2
a
n

∑
i=1

x2
i + b

n

∑
i,j=1
i≠j

xixj + c
n

∑
i=1

xi
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y-x0 = x1+x2
2 §Kx̄ = (x0, x0,⋯, xn)⊺�T¯K��1)§òÙ�\8I¼ê��

f(x̄) = 1

2
x̄⊺Gx̄ + g⊺x̄ = 1

2
a
n

∑
i=1

x̄2
i + b

n

∑
i,j=1
i≠j

x̄ix̄j + c
n

∑
i=1

x̄i

lk

f(x) − f(x̄) = (1

2
a
n

∑
i=1

x2
i + b

n

∑
i,j=1
i≠j

xixj + c
n

∑
i=1

xi) − (1

2
a
n

∑
i=1

x̄2
i + b

n

∑
i,j=1
i≠j

x̄ix̄j + c
n

∑
i=1

x̄i)

= [1

2
a(x2

1 + x2
2) + bx1x2 + b(x1 + x2)

n

∑
i=3

xi + c(x1 + x2)]

− [1

2
a(x2

0 + x2
0) + bx0x0 + b(x0 + x0)

n

∑
i=3

xi + c(x0 + x0)]

= [1

2
a(x1 + x2)2 + (b − a)x1x2] − [1

2
a(x0 + x0)2 + (b − a)x0x0]

= (b − a)(x1x2 − x2
0)

= (b − a)[x1x2 − (x1 + x2

2
)2]

= (b − a)(x1 − x2)2

4

Ï�Ý
G�¢�é¡��½Ý
§�a ≥ b, l��f(x) − f(x̄) ≥ 0. ù�f(x)��`�gñ§��`)

�x1 = x2 = ⋯ = xn.

4.� σ1 > σ2 > ⋯ > σr > 0, s < t . ¦ã�g5y¯K��`)

max
r

∑
i=1

s

∑
j=1

σix
2
ij ,

s.t.
s

∑
j=1

xij ≤ 1, i = 1,2,⋯, r,

r

∑
i=1

xij ≤ 1, j = 1,2,⋯, s,

xij ≥ 0, i = 1,2,⋯, r, j = 1,2,⋯, s.

5.� dk ��g5yf¯K (8.4.3) ��`). y²: é?¿ α ≥ 0 , k Q (xk + αdk) ≥ Q (xk + dk) , �

Q (xk + αdk) 'u α ∈ [0,1] î�üN4O.

7. �Ý
A ∈ Rn×n. Á¦eã`z¯K��`)

max x⊺Ax

s.t. ∥x∥2 = ∥y∥2 = 1
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): �A = UΣV ⊺�Ý
A�ÛÉ�©), Ù¥Σ = diag(σ1, σ2,⋯, σn). ��5C�x = U⊺x, y = V y�

ò�¯Kz¤

max
n

∑
i=1

σixiyi

s.t. x⊺x = y⊺y = 1

du�âChaucy-SchwarzØ�ª,

n

∑
i=1

σixiyi ≤ σ1

n

∑
i=1

xiyi ≤ σ1∥x∥2∥y∥2 = σ1,

3x = y = e1�þª��Ò, �þã¯K��`)�x = y = e1. �¯K��`)�(Ue1, V e1).

8.�Äeãü5y¯K

min
1

2
x⊺Gx + g⊺x, min g⊺x − b⊺u

s.t. Ax = b s.t. Ax = b

x ≥ 0, Gx +A⊺u − v = −g,

x ≥ 0, v ≥ 0, v⊺x = 0.

Áy²d���¯K���) x̄ ´c�¯K�¤k K-T :¥8I¼ê����:. Á¯T:´1��¯

K��`�:í?

y² c�¯K� Lagrange ¼ê

L(x,u, v) = 1

2
x⊺Gx + g⊺x + u(Ax − b) − v⊺x.

Ù KKT ^��
⎧⎪⎪⎨⎪⎪⎩

∇xL(x,u, v) = Gx + g +A⊺u − v = 0,

Ax = b, x ≥ 0, v ≥ 0, v⊺x = 0.

�±wÑ, Ù KKT ^�Ò´1��¯K��å^�, l��¯K���) x̄ ´c�¯K� K-T

:. ,	,d��¯K�å^�

b⊺u = u⊺Ax,x⊺Gx + x⊺A⊺u − x⊺v = −x⊺g,

⇒ b⊺u = −x⊺Gx + −g⊺x,

⇒ g⊺x − b⊺u = x⊺Gx + 2g⊺x = 2(1

2
x⊺Gx + g⊺x) ,

¤±��¯K���) x̄ ´c�¯K�¤k K-T :¥¦� g⊺x − b⊺u = 2 (1
2x

⊺Gx + g⊺x) ���:, �=

c�¯K�¤k K-T :¥8I¼ê����:.

w,, du G Ø�½��½, lT¯KØ�½à, ¤±¯K� K-T :Ø�½´�`�:. y.
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9.õ¡�

P = {x ∣ x = Ay, e⊺y = 1, y ≥ 0}

þ��:ål�C�:�±£ã¤e¡��g5y¯K

min{∥Ay∥2 ∣ e⊺y = 1, y ≥ 0} ,

T¯Kq�±ÏLe¡�¯K¦)

min{∥Ay∥2 + (e⊺y − 1)2 ∣ y ≥ 0} .

ÁÏLþã¯K�éó¦)�¯K.

y² ¯K (8) � Lagrange ¼ê

L(x,λ) = ∥Ay∥2 + (e⊺y − 1)2 − λ⊺y,

= y⊺A⊺Ay + y⊺ee⊺y − 2e⊺y − λ⊺y + 1.

�Ä Lagrange éó¼ê

θ(λ) = inf{L(y, λ) ∣ y ∈ Rn}, λ ≥ 0.

�Ä
∇yL(y, λ) = 2A⊺Ay + 2ee⊺y − 2e − λ = 0,

⇒ (A⊺A + ee⊺) y = e + λ
2
.

l
θ(λ) = y⊺ (A⊺A + ee⊺) y − 2e⊺y − λ⊺y + 1,

= y⊺ (e + λ
2
) − 2e⊺y − λ⊺y + 1,

= − (e + λ
2
)
⊺
y + 1,

= − (e + λ
2
)
⊺
(A⊺A + ee⊺)−1 (e + λ

2
) + 1.

d?, ��Bå�, - A⊺A + ee⊺ �_. ¤±¯K (8) � Lagrange éó�

max − 1

4
(2e + λ)⊺ (A⊺A + ee⊺)−1 (2e + λ) + 1,

s.t. λ ≥ 0.

P B ∶= (A⊺A + ee⊺)−1 ≻ 0, ¯K (??) �du

min (2e + λ)⊺B(2e + λ),

s.t. λ ≥ 0.
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w,, ¯K (8) � �`)� λ∗ = 0, ¤±�¯K��`)�

y∗ = (A⊺A + ee⊺)−1 (e + λ
∗

2
) = (A⊺A + ee⊺)−1

e.
y.

10. ^È48�{¦)eã�g5y¯K

min − x2
1 − x2

2 − x2
3 + 4x1 + 6x2,

s.t. x1 + x2 ≤ 2,

2x1 + 3x2 ≤ 12,

x1, x2, x3 ≥ 0.

): äNL§Ñ, T¯KÃe., ~X� x1 = x2 = 0, x3 = +∞. y.

11.y²:3È48�{¥, e A (x0) éA��å�þ�5Ã', @o�â�{��� A (x1) éA��

å�þ��5Ã'. ?ÏLêÆ8B{��È48�{�)�8Ü Sk ¥��þþ�5Ã'.
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1. O�eã�5�å`z¯K3:x̄ = (1; 1; 0)?����1eü��

min x2
1 + x1x2 + 2x2

2 − 6x1 − 2x2 − 12x3

s.t. x1 + x2 + x3 = 2

x1 − 2x2 ⩾ −3

x1, x2, x3 ⩾ 0

2. �A ∈ Rm×n, b ∈ Rm. y²eã�5�§|'uu�)´�þx0 ∈ Rn�Ω = {x ∈ Rn ∣ Ax = b}þ�Ý

K:

⎛
⎝
I A⊺

A 0

⎞
⎠
⎛
⎝
u

v

⎞
⎠
=
⎛
⎝
x0

b

⎞
⎠
.

3. �a ∈ Rn, y²:x ∈ Rn�4à8a +Ωþ�ÝK�Pa+Ω(x) = a + PΩ(x − a).

4. Á©OÏLf¯K(9.1.2)Ú(9.2.1)O�eã�å`z¯K3�1:x̄��1eü��:

min f(x) s.t. a ⩽ x ⩽ b

5. �x̄�eãëY���å`z¯K

min{f(x) ∣ ci(x) ⩽ 0, i ∈ I}

��1:, ¿�(z̄, d)�eã�55y¯K��`)

min z

s.t. ∇f(x̄)⊺d − z ⩽ 0

∇ci(x̄)⊺d − z ⩽ 0, i ∈ I(x̄)

− 1 ⩽ dj ⩽ 1, j = 1,2,⋯, n

y²: XJz = 0, Kx̄��5y¯K�FJ:.

6. �a ∈ Rn, b ∈ R. Áy²u ∈ Rn���m{x ∈ Rn ∣ a⊺x ⩾ b} þ�ÝK�

P (u) = u + max{0, b − a⊺u}
∥a∥2

a.

7. �F ∶ Rn → Rn�ëYN�, Ω�Rn ¥���4à8. é?¿�x ∈ RnÚα ∈ R,Pr(α) = x − PΩ(x −

αF (x)). K

min{1, α}∥r(1)∥ ⩽ ∥r(α)∥ ⩽ max{1, α}∥r(1)∥.

45
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8. y²
⟨A, I⟩
n

I�n�é¡
A3F-�ê¿Âe�Ý
f�m{x ∈ Sn×n ∣ x = αI,α ∈ R}þ�ÝK.

9. �a1, a2,⋯, am ∈ Rn, Ω�Rn¥�4à8. K`z¯K

min
m

∑
i=1

∥x − ai∥2 s.t. x ∈ Ω

��`)�du�þ
1

m

m

∑
i=1
ai�Ωþ�ÝK.

10. �n�Ý
Aé¡�½, λ > 0, b ∈ R. Kx ∈ Rn´�å`z¯K

min
x∈Rn

1

2
x⊺Ax

s.t. − λ ≤ Ax − b ≤ λ

��`)��=�

PΩ(Ax − b − x) = Ax − b.

Ù¥, Ω = {x ∈ R ∣ ∣x∣ ≤ λ}.

y²: Pz = Ax − b. Kx = A−1(z + b). l�5y¯K�z�

min
z∈Rn

1

2
(z + b)⊺A−1(z + b)

s.t. − λ ≤ z ≤ λ

|^�å`z¯K��`5^�, z ∈ Rn�þã¯K��`)��=�

PΩ(z −A−1(z + b)) = z.

|^z = Ax − b�

PΩ(Ax − b − x) = Ax − b.

11. �a ∈ Rn, b1 ≠ b2 ∈ R. Á¦:x0 ∈ Rn��²¡a⊺x = b1�ål§�²¡a⊺x = b1Úa⊺x = b2�m�å

l.

): Ø���5§�a ≠ 0. -ā = a/∥a∥, b̄i = bi/∥a∥. Kā⊺ā = 1, �Ò´ā+ = ā⊺, ��²¡a⊺x = bi, i =

1,2��¤ā⊺x = b̄i.

d§9.3���?Ø, Rn¥?�:x��²¡ā⊺x = b̄iþ�ÝK©O�

(I − ā+ā)x + ā+b̄i.

üÝK:�m�ål=�ü�²¡�m�ål, =

∥ā+b̄1 − ā+b̄2∥ = ∥ā+∥∣̄b1 − b̄2∣ = ∥ā⊺∥∣b1 − b2
∥a∥

∣ = ∣b1 − b2∣
∥a∥

.
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12. eΩ = {x ∣ a⊺x = b}���²¡, Kd§1.5�(Ø, a+ = a⊺

∥a∥2 . ly ∈ Rn�Ωþ�ÝK�

(I − (a⊺)+a⊺)y + (a⊺)+b = (I − aa⊺

∥a∥2
)y + ab

∥a∥2
.

?, y ∈ Rn��²¡Ω = {x ∣ a⊺x = b}�ål�

∥aa
⊺y

∥a∥2
− ab

∥a∥2
∥ = ∣a⊺y − b∣

∥a∥
.
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1. éuØ�ª�å`z¯Kmin{f(x) ∣ ci(x) ⩽ 0, i ∈ I}, Á©Ûeã¼ê3ÏL	:v¼ê�{¦þ

ã`z¯K����:��`³Ú�³

Pµ(x) = f(x) + µ∑
i∈I

max{0, ci(x)}

Pµ(x) = f(x) + µ∑
i∈I

2
max{0, ci(x)}

Pµ(x) = f(x) + µmax{0, c1(x), c2(x),⋯, c∣I∣(x)}

Pµ(x) = f(x) + µ
2

max{0, c1(x), c2(x),⋯, c∣I∣(x)}

2. ±(2,6)⊺�Ð©:, ^	:v¼ê(vÏfµ = 10)¦eã5y¯K�Cq���:

min x2
1 + x2

2

s.t. 2x1 + x2 − 2 ⩽ 0

− x2 + 1 ⩽ 0

3. �â½n10.2.1, `z¯K(10.1.2)�±=z�

sup
µ⩾0

inf
x∈Rn

P (x,µ),

Ù¥, P (x,µ)�	:v¼ê. y²`z¯K(10.1.2)�du

inf
x∈Rn

sup
µ⩾0

P (x,µ).

4. éu�å`z¯K(10.1.2), �Ä(10.2.5)½Â�·Üv¼ê, Á3·�^�eïáXe(Ø

inf{f(x) ∣ ci(x) ⩽ 0, i ∈ I; ci(x) = 0, i ∈ E} = lim
µ→∞

P (xµ, µ),

lim
µ→∞

µB(xµ) = 0, lim
µ→∞

1

µ
θc(xµ)→ 0.
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1. ±x = (0,0)⊺�Ð©:, ^Lagrange-Newton�{¦)Xe`z¯K

min x1 + x2 s.t. x2 ⩾ x2
1

¿�Ä��o3λ = 0��{¬�}.

2. �H ∈ Rn×né¡�½, K(x∗, λ∗)�eã`z¯K�K-Té

min f(x) s.t. ci(x) ⩽ 0, i = 1,2,⋯, r

��=�(0, λ∗)�eãî�à�g5y¯K�K-Té

min ∇f(x)⊺d + 1

2
d⊺Hd

s.t. ci(x) +∇ci(x)⊺d ⩽ 0, i = 1,2,⋯, r
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